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ABSTRACT

The construction of Second Derivative Trigonometrically Fitted Block Scheme of
Simpson Type (TFBSST) of algebraic order 6via collocation techniques is considered for
the solution of oscillatory problems. A Continuous Second Derivative Trigonometrically
Fitted method (CSDTF) whose coefficients depend on the frequency and step size is
constructed using trigonometric basis function. The CSDTF is used to generate the main
method and one additional method which are combined and applied in block form as
simultaneous numerical integrators. The investigation of the stability properties of the
method shows that the method is zero stable, consistent and convergent. Numerical
examples presented show that the method is accurate and efficient.

Keywords:  Collocation technique; Oscillatory problems; Second Derivative;
Simpsons Type; Trigonometrically Fitted methods.

1.0 INTRODUCTION

One of the interesting and important class of initial value problems (IVP) which
can arise in practice consists of differential equations whose solutions are known
to be periodic or to oscillate with a known frequency. Such problems frequently
arise in area such as quantum mechanics, ecology, medical sciences, theoretical
chemistry, classical mechanics, theoretical physics and oscillatory motion in a
nonlinear force field.

In what follows, we consider the class of first order initial value problem
v =f(xy) y(x)=w., x€[xqb] (1)
where f satisfies the Lipschitz theorem.

A number of numerical methods based on the use of polynomial function have
been proposed for the solution of (1). Akinfenwa et al. (2015) proposed a family
of continuous third derivative for the integration of oscillatory problems,
Adeniran and Ogundare (2015) proposed block hybrid method for the direct
integration of second order IVVP whose solutions oscillate, Ngwane and Jator
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(2012) also proposed hybrid block method for the system of first order VP
involving oscillatory problems while block hybrid Simpson’s method was
proposed by Biala et al. (2015). All these methods were implemented in a block
by block fashion. Despite the success of these methods some have low order of
accuracy and are expensive in terms of number of function evaluation. Other
methods based on exponential fitting techniques have been proposed for the
integration of oscillatory problems (see Simos, 1998 and Vanden Berghe et
al.,1999)). Although these methods are easy to implement but tedious
mathematical analysis are involved in obtaining the A-stability.

The numerical integration of oscillatory problems using trigonometric polynomial
started in 1961 with Gautschi who proposed the Adams and Stormer type of
order p. Neta and Ford (1984) proposed the Nystrom and Milne Simpson’s type,
Neta (1986) constructed families of backward differentiation formula while
Sanugi and Evans proposed leap frog method and Runge-Kutta method. All these
methods were applied in step by step fashion. Despite the success recorded by
these methods, there are some setbacks among which are sensitive to change in
the frequency, requirement of the eigenvalues of the Jacobian to be purely
imaginary and computational burden.

In the spirit of Gautschi, Psihoyios and Simos (2003 and 2005) proposed
trigonometrically fitted schemes for the solution of oscillatory problems which
are applied in predictor-corrector mode based on the well-known Adams-
Bashforth method as predictor and Adams-Moulton as corrector. The methods are
very costly to implement, involve greater human effort and reduced order of
accuracy. The use of multistep collocation method for the construction of
trigonometrically fitted methods based on trigonometric polynomial have been
explored by Jator et al. (2013) who proposed Numerov type block methods.
Ngwane and Jator (2012, 2013 and 2015) who constructed block hybrid scheme
for the integration of oscillatory problems. A family of trigonometrically fitted
Enright Second Derivative methods for oscillatory 1VP was proposed by Ngwane
and Jator (2015).

The current research proposes a block second derivative of Simpson type for the
integration of first order and system of first order oscillatory problems via
multistep collocation method based on trigonometric polynomial. One incentive
for using a basis function other than polynomial is the fact that as every
oscillation has to be followed when integrating oscillatory 1\VVP, the rounding error
accumulates for small sizes. Methods based on polynomial functions are not
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reliable in that case (Duxbury, 1999). According to Lambert (1973) the sum of
error over each sub-intervals [xq, %], [x5,2,], ..., [x,_5, x,,] for n = 0 is the error
of the integration over the whole interval [x,,x,] if Simpson’s rule is used to

evaluatef;“” f(x)dx. Therefore Simpson’s rule is an admirable method for

quadrature. However, one of the major conditions a numerical method for the
solution of I\VVPs must ensure is that the sub-intervals of the interval of integration
must not overlap. In the case of Simpson’s method, the sub intervals of
integration are [x4.%,], [x5,%.], ... [x,_5 x,,] which overlap and complicates the
accumulation of errors and hence a poor method for integrating IVPs. We
therefore show that the block second derivative of Simpson type in this study can
be made to overcome this shortcoming and cope with the integration of
oscillatory problems.

20 METHODOLOGY
In order to obtain CSDTF, the exact solutiony(x)is approximated by seeking the
solution ¥(x,u) of the form
y(x,u)
2k
= Z a;x’ + @y 14 sin(wx)
=0
+ Qgy4, cos(wx) (2)

Through interpolation of ¥(x,u) at x,.;, j =k —2, collocation of :—x (v(x,u))
az

at the points x,,.;,j = 0(1)k and ax—z(}r[:x,u]] at the points x,..;,j = 0(1)k, we

obtain the following 2k + 3 system of equations.
}r[xn_”., u) = Vntj-
j=k—-2 (3)
d
a(}?(xnﬂ’u)):fnﬁr Jj=0(1)k(4)
32

dx 2

(}F[xnﬂ’u)):gnﬂr j=0(1)k(5)

Equations (3), (4) and (5) are solved to obtain the coefficients of a;. The values
of a; are substituted into (2) to obtain the CSDTF given by
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y(xu)
K k
= Fn+k—2 +hz JB_;' (xrujfn+_;l' + h:Z‘}'} [:xru:]gn+_;l' [:6:]

FET) =0

The continuous method ( 6 ) is used to generate the main method by evaluating at
X = x,.,10 obtain

k k
Yot — Vatr-2 :hZﬁj(ujfnﬂ+h:ZT;[uan+j (7)
j=0 j=o

The k—1 complementary methodsare obtained by evaluating (6) at
x=x,,; j=1(1)k—1,j # k — 2to obtain
k

K
Vnsj = Vntr—2 = hz B, () frs; + B2 Z Vs (W) Gt (&)

=0 =0
i=1 i=1

2.1  Specification of TFBSST

Imposing the conditions given by equations(2),(3),(4) and (5) for k=2 to

obtain system of 7 equations. The system is solved simultaneously for the

coefficients a;, j = 0(1)6which are substituted into (2) to obtain the CSDTF as
y(x,u)

=}Fn +hZﬁ}'(xrujfn+j+hzz}'}'(xrujgn+j ('EI:]

=0 =0

Thus, evaluating (9) at x = x,,., to obtain the main method in the form
Ynez — Fa

= h(ﬁl}(u]fn + ﬁ1[u)fn+1

+ JB;‘ [u:]fn+::]

+ 1y (Wa, + 11 (Wt

+ 2 (W) Gps2) (10)

with coefficients in both trigonometric form and equivalent power series form
given as follows
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(3u® +18) cos(2u) — Gu(—%u: - 1)5&1(2&) - 24&(—%1.',: - g) sinu—12ulcosu— 27u?—18)
b= 15u”cos(2u) + Ju(dusin(u) + u° sin(2u) + 4ucosu — 9w + 12 sinu — 6 sinf2u))
. 2 . 2 . .
(2du*— 36) cos(2u) — Eu(—éu‘ + 8\] sin(2u) — 24&(—%&‘ + 2\]5Ln w4+ 4Bu“cosu + 36
B = 15u?cos(2u) + Juldulsinfu) + u?sin(2u) + 4ucos u — Su + 12sin u — 6 sin(2u))
u? +18) cos(2u) — 6| —zu?—1)sm(2u) - 24ul-zu? -5 )snu — 12u’cosu — 2707 -
(3u® +18) cos(2u) — & é 1)sin(2u) — 24 é ,5, 12 27ul-18
- 15u“cos(2u) + Juldu“sn(u) + u”sin(2u) + ducos w —%u + 12 sinu — 6 sin(2u))
(—u?+9) cos(2u) + 6usin(Zu) + 24usinu — Su’cosu — Ju’—9
o= 15u?cos(2u) + Julduisin(u) + ulsin(2u) + ducosu — Su+ 12sin u— 6 sin2u))
{u?— 9)cos(2u) — fusin{2u) — 24usinu + Sulcosu+9u’+ 9
¥

R cos(2u) + Ju(dusin(u) + wsin(2u) + 4ucos ¥ — Yu+ 12sinwu — 6 sin(2u)) J

Converting equation (11) to equivalent power series form to obtain

g 7 n 4 2 4 1 sy 59 64 7043 5.
=— u- u u u
® 15 1575 15750 36382500 170270100000
16 8 - 1 59 7043
By=———u* ——u* — u® + uf + -
15 1575 785 18191250 85135050000
g 7 " 4 2 4 1 sy 59 64 7043 a
2= " u u u
© 15 1575 15750 36382500 170270100000
1 2 - 1 59 7043
Yo =+ u® + u* u® u®
15 1575 31500 72765000 340540200000
1 2 5 1 s 59 e 7043 s
Vi == us — ur— u - u
15 1575 31500 72765000 340540200000

The complementary method is obtained by evaluating (9) at x = x4,
V41 = ¥Vn = h%(ujfn + B (Wfres + E(u)fn+2)

+ h? [ﬁl(“}ﬁn V11 (WGns

+ E(H)Enﬂ) (13)

(11)

(12)

with coefficients both trigonometric form and equivalent power series form given

as follows

— 21—4(—6{— %u? —10) sin(2u) + (18u® + 144) cos(2u) — mw{—%u? - %} sinu — 288 cos u — 162 + 144)
o1 u(—9u + 12 sin(u) — 6sin(2u) + 4 cosu + Su cos(2u) + 4u? sinu + u? sin(2u))

8

i(—e (=34 +32) sin(2u) + (96u* — 144) cos(2u) — 216u [—%u’ + g)sin‘u +192% cosu + 144)

- _ 24
P u(—9u + 12 sin(u) — 6sin(2u) + 4 cosu + Sucos(2u) + 4u? sinu + u? sin(2u))
i[—ﬁ(— 1o 2) sin(2u) + 6v2 cos(2u) — 216u (—Lu: - E)Smu + (=96 + 288) cos u — 54u” — 288
Bo:= 24 6 108 9
21 u(—9u + 12 sin(u) — 6sin(2u) + 4 cosu + Sucos(2u) + 4u? sinu + u? sin(2u))
. %(421& sin(2w) + (—7u? + 60) cos(2w) — 216u(—%u2 —%)sinu +(—20u% — 96) cosu — 45u” + 36
Yo.1 u(—9u + 12sin(u) — 6 sin(2u) + 4 cosu + 5u cos(2w) + 442 sin u + u? sin(2u
(2uw)
L (—6(u? — 18) sin(2u) + (—42u® 4+ 96) cos(2u) — 216usinu + (24u® — 384) cosu + 18u” + 288)
— _ 24
117 u(—9u+ 12sin(u) — 6 sin(2u) + 4cos u + Sucos(2u) + 4u? sinu + u? sin(2u))
o ﬁ(—ﬁu sin(2u) + (u? — 12) cos(2u) — 216u (- %u: + %)sinu + (44u® — 96) cosu + 27u +108)
21 =

u(—9u+ 12sin(u) — 6 sin(2u) + 4 cosu + 5u cos(2u) + 4u? sinu + u? sin(2uw))

(14)
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Converting equation (14) to equivalent power series form to obtain

101 29 29 62239 923773
By =—7-1+ u® + u? u® u® +
T 240 14400 7056000 65197440000 41074387200000
— 8 4 1 4 59 s 7043 8
]QL:L:__ s — u* - u® — us 4
15 1575 15750 36382500 170270100000
11 53 , 149 R 43489 6 10077799 s
B =—0—+ u” u u u
- 240 100800 7056000 65197440000 533967033600000
___ 13 89 , 137 R 2687 ‘ 5843587 s (15)
Yoi—7—+ u- u” + u + u” + -
240 100800 7056000 5927040000 533967033600000
. 1 N 1, 4 1 sy 5 64 103 N
=—= us u u u
M1 6 1008 70560 26078976 42717362688
. 1 13 29 . 7769 ‘ 1733279 2
Ya1=—=-— u- — u - u - u” +
- 80 33600 2352000 21732480000 177989011200000

Equations (10) and (13) are the discrete methods whose converted coefficients in
power series are given by equations (12) and (15) and are combined to form a
block method called the TFBSST.

3.0 RESULTS AND DISCUSSION

3.1 Local Truncation Error of TFBSST

Following Lambert (1973), the local truncation errors of (10) and (13) are better
obtained using their series expansion. Thus Local Truncation Error (LTE) of (10)
and (13) are respectively as obtained.

5250 7 @) +0*y D) ) + 0GR) 16

(P () + 0?y D (x,) ) + 0(F)

LTE =

4725

Following the definition of Lambert (1973) and Fatunla (1988), TFBSST is
consistent if its order is greater than one. We therefore remark that TFBSST is of
algebraic order 6 and hence it is consistent.

3.2  Stability of TFBSST
Following Akinfenwa et al. (2015), the TFBSST can be rearranged and rewritten
as a matrix difference equation of the form
Ay =49y _+hBWE . +hBOFE + kDG, .,
+ h:DWgG (17)
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where

Yol = (}’n+1r}’n+:jr,yw = (Fn—lf}?njr!FW‘i'l = ,(fn+1ffn+2,jr’ F‘:*' = (fn—l’fnjrr
Eu;-l-j_ = (gn+1rgn+2jr.!£u; = [gn—irgnjr and AI‘D}JAL:L}J BI‘D}JBLJ-},DLH}JDLJ-} are
2 % 2 matrices

specified as follows

0 2[1 o} 0 {o —1} a0 {ﬂl ﬂz} 5 {o ﬂo} Ao :{71 yz}
01 0 -1 BB 0 4 72
D(O):|:O 70}
0 7
3.3 Zero Stability
According to Lambert (1973) and Fatunla (1988), TFBSST is zero stable if the
roots of the first characteristic polynomial have modulus less than or equal to one
and those of modulus one are simple. i.e.

p(R) = det[RA™ — AW] = 0and |R,| < 1. Hence TFBSST is zero stable since

from our calculation|R| = (0,1).Since consistence+zero stability=convergence
and TFBSST is of order 6 and also zero stable, then it converges in the spirit of
Lambert (1973) and Fatunla (1988).

3.4  Linear Stability and Region of Absolute Stability of TFBSST

Applying the block method to the test equations ¥" =4y and y" = A%y and

letting z = Ahyields ¥,.., = &(z)¥,., whereé(z) = j._'ﬂ::j.:._ﬁj;i.:._ﬁ.The matrix
&(z) for TFBSST has eigenvalues given by (¢ ¢,) = (0,0,),

whereg, = %IS called the stability function and

ny(zu) = ((* =32 —312 —36z+60) > —232* —60=" + 122 + 144z) ucos(u)?
+(((-22 =52 —4z4+12) u* + (-8 — 122 + 602 + 120z — 72) u® + 242 (£
+3z+3))sin(u) +2((z* —202 —36z+12)u?> — 422 (£ +3z+3)) u) cos(u)
+((22 —102 —8z+24)u* + (-10z* — 242 + 482 + 168z + 72) 2

f2422(22+3z+3))sm(u)+3((zsf%22f122728]u2+371 4 ag

+ 42 —482) u
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’l:z(z,u) = ((24 +32 4112 —60z— 60) W =232 4+602 — 8422) ucos(u)2 + (((z

+1)(Z2—12)u* + (-8 +122 —482 + 722+ 72) > + 242 (2 —32+3))
sin(u) —|—2((z4 —262 —12z— 12) w—47 (22 —32—21)) u) cos(u) + ((223
— 102 —24z—24)u* + (-102 +242 + 1562 —722—72) * — 242 (F# — 3z

+3)) sin(u) — 3 [(2 +%Z2—282—28) u? —3—31z4+28z3 —|—2822)u

The stability region of TFBSST is plotted in Figure 1

15
] £
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_15 T T T T T T
-10 -5 0 5 10 15

Figure 1: Stability plot of TFBSST

4.0  Numerical Examples
In this section, the performance and accuracy of the newly constructed TFBSST
for on variety of well-known oscillatory IVPs both linear and nonlinear problems
is discussed. The fitted frequency of each problem is used as default frequency for
the computation. The absolute errors or maximum error of the approximation
solutions are computed and compared with results from existing methods in the
literature. An error of the form = X 107 is written as »{—=). All computations
were carried out using written codes in Maple 2016.1 and executed on Windows
10 operating system. The second order initial value problems among the examples
considered were first reduced to their equivalent system of first order initial value
problems.
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Problem 1: Nonlinear Oscillatory Problem

Consider the nonlinear initial value problem given by
y'=—y(1+ay®)+acosix, y(0) =1, ¥y'(0) =0, a=0.01(3.34)

This equation is a particular case of the undamped Duffing equation, with a
forcing term selected so that the analytical solution is ¥(x) = cosx. This problem
is solved with the newly developed TFBSST with w = 1 and h = =,i = 2 in the

. 337 . . .
interval 0 < x < TT The numerical computation results are compared with the

mixed collocation methods Ilb of order four, Illa of order four, I1lb of order six
and Vb of order four, all in Duxbury (1999). The comparison of the maximum
errors are as presented in table 8.

Table 1: Comparison of Maximum errors

Methods T T T & T T

4 a 16 32 64
TFBSST 3.62(—16) | 2.55(—20) | 1.00(—25) | 1.05(—28) | 5.10(—29)
11b 578(—15) | 2.46(—14) | 1.10(—13) | 1.34(—13) | 1.42(—12)
1] E 9.44(—15) | 7.69(—14) | 3.04(—13) | 1.44(—12) | 471(—12)
b 3.55(—15) | 9.94(—14) | 7.858(—13) | 3.64(—13) | 6.00(—12)
Vb 1.87(—13) | 4.90(—14) | 2.21(—-13) | 2.12(—-12) | 3.98(—12)

It is clear in table 1 that TFBSST show superiority in terms of accuracy. Hence
TFBSST is a better scheme when compared to the existing methods in the
literature.

Problem 2 (Mohd Nasir et al. 2015)

Consider the linear initial value problem given by

y' = —100(y —sinx) + cosx,y(0) =0

whose solution in closed form is given as y(x) = sinx. This problem is solved
with the newly developed TFBSST with w = 1cmdh=§,tz 0in the
interval 0 = x < 1. The numerical computation results are compared with the
order four and order five block backward differentiation formula, BBDF(4) and
BBDF(5) of Ismail (2010) respectively.
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Table 2: Comparison of Maximum errors

h Max Err of TFBSST Max Err of BBDF(4) Max Err of BBDF(5)
1 5.438(—18) — —

0.1 7.00(—30) — —

0.01 6.00(—30) 8.28814(+006) 5.18981(+013)
0.001 1.60(—29) 1.5545(—003) 1.67200(—005)
0.0001 1.78(—28) — —

It is seen from Table 2 that TFBSST performs better than those of Ismail
(2010).This clearly demonstrated that the method developed in this paper has
almost the same result as the exact as error is as low as 107*® which is
infinitesimal for as large step size as h = 1.

50 CONCLUSION

In this paper, a Second Derivative Trigonometrically Fitted Block Scheme of
Simpson Type (TFBSST) of algebraic order 6 was constructed and implemented.
The convergence and accuracy of the methods were established The methods was
tested with some standard oscillatory problems and was found to be accurate and
favorably compare with other methods in the literature as shown in the Tables 1-2
above. In our future research we will consider other specification of TFBSST and
discuss the concept of frequency estimation for problems with multifrequencies.

Conflict of Interest: The authors declare that they have no conflict of interest.
Acknowledgment

The authors would like to thank the anonymous refrees whose comments greatly
improved the original version of this manuscript.

34




Unilag Journal of Medicine, Science and Technology (UJMST) Vol. 5 No 2, 2017

References

Adeniran, A.O. and Ogundare, B.S. (2015). An efficient hybrid numerical scheme
for solving general second order initial value problems (IVPs).
International Journal of Applied Mathematical Research, 4(2):411-419

Akinfenwa, O.A., Akinnukawe, B., and Mudasiru, S.B. (2015). A family of
Continuous Third Derivative Block Methods for solving stiff system of
first order ordinary differential equations. Journal of the Nigerian
Mathematical Society, 34,160-168.

Biala, T.A., Jator, S.N., Adeniyi, R.B., and Ndukum, P.L. (2015). Block Hybrid
Simpson’s Method with Two Offgrid Points for Stiff System.
International Journal of Nonlinear Science, 20(1):3-10.

Duxbury, S.C. (1999). Mixed collocation methods for ¥" = f(x,¥). Durham
theses, Durham University.

Fatunla S.O (1988). Numerical methods for initial value problems in ordinary
differential equation. United Kingdom: Academic Press Inc.

Gautschi W. (1961), Numerical Integration of Ordinary Differential Equations
Based on Trigonometric Polynomials, Numerische Mathematik, 3, 381-
397.

Jator, S. N., Swindell, S., and French, R. D. (2013), Trigonmetrically Fitted Block
Numerov Type Method for ¥" = f(x, v, ¥"). Numer Algor, 62, 13-26.

Lambert J.D. (1973). Computational methods in ordinary differential system, the
initial value problem. New York: John Wiley & Sons.

Mohd Nasir, N.A., Ibrahim, Z.B., Othman, K.I. and Suleimon, M. (2015).
Stability of Block Backward Differentiation Formulas method. AIP
conference proceedings 1682, 020010. Doi: 10.1063.

Neta B. (1986). Families of Backward Differentiation Methods Based on
Trigonometric  Polynomials, International Journal of Computer
Mathematics, 20, 67-75.

Neta B. And Ford C. H. (1984) Families of Methods for Ordinary Differential
Equations Based on Trigonometric Polynomials, J. Comp. Appl. Math.,
10, 33-38.

Ngwane, F.F. and Jator, S.N. (2012). Block Hybrid-Second Derivative Method
for Stiff Systems. International Journal of Pure and Applied Mathematics,
80(4), 543-559.

Ngwane F. F. and Jator S. N. (2013), Solving Oscillatory Problems Using a
Block Hybrid Trigonmetrically Fitted Method with Two Off-Step Points.
Texas State University. San Marcos, Electronic Journal of Differential
Equation 20:119-132.

35



Unilag Journal of Medicine, Science and Technology (UJMST) Vol. 5 No 2, 2017

Ngwane F. F. and Jator S. N. (2014), Trigonmetrically-Fitted Second Derivative
Method for Oscillatory Problems, Springer Plus, 3:304.

Ngwane F. F. and Jator S. N. (2015). A Family of Trigonometrically Fitted
Enright Second Derivative Methods for Stiff and Oscillatory Initial Value
problems, Journal of Applied Mathematics, 2015.

Psihoyios G. Simos T. E. (2003), Trigonometrically Fitted Predictor-Corrector
Methods for IVPs with Oscillating Solutions. Elsevier Science B.V.
Journal of Computational and Applied Mathematics. Volume 158. Pages
135-144.

Psihoyios G. Simos T. E. (2005).A Fourth Algebraic Order Trigonometrically
Fitted Predictor-Corrector Scheme for IVPs with Oscillating Solutions,
Journal of Computational and Applied Mathematics, 175, 137-147.

Sanugi B. B. and Evans D. J. (1989). The Numerical Solution of Oscillatory
Problems, International Journal of Computer Mathematics, 31, 237-255.

Vanden Berghe, G., Meyer, H.D., Van Daele, M. and Hecke, T.V. (1999).
Exponentially-fitted explicit Runge-Kutta methods. Computer Physics
Communications, 123(1999), 7-15.

36



